The aim of this paper is to show that a finitely generated module over a Noetherian ring defines a unique cycle class in the components with codimension zero and one of the Chow group of the ring. The main theorem generalizes a classical result over integrally closed domains and implies the isomorphism between the Chow group and the Grothendieck group under certain conditions. We also discuss the difference between the map constructed in this paper and the Riemann᎐Roch map. ᮊ
INTRODUCTION AND MOTIVATION
In this paper, all rings are assumed to be finitely generated algebras over a regular ring with finite Krull dimension; hence they are commutative Noetherian rings with identity. All modules are finitely generated.
Let A be a Noetherian ring and let M be a finitely generated module over A. There is a finite filtration set of all filtrations as described and denote elements in S S with script M letters, say F F. Throughout this paper, filtrations of a module will be those in S S unless otherwise stated.
M
For any finitely generated A-module M, if ᒍ is a minimal prime ideal in the support of M, then the number of times Arᒍ occurs in any filtration of M is exactly equal to the length of M over A . Apart from this, neither the prime ideals which occur nor the number of times they occur is unique. However, each filtration gives a cycle defined by the prime ideals occurring in it.
The main aim of this paper is to show that in certain cases the cycle is unique up to rational equivalence and to investigate the extent to which the cycle is unique up to rational equivalence. The uniqueness, as we will show in the second section, holds when the cycle is defined by the prime ideals of codimension zero and one, but it is not true in general. The motivation for this comes from the divisor class of a module over an integrally closed domain, which will be stated in the following.
Throughout this paper, the dimension of modules and rings is as defined w x w x in Roberts 6, Chap. 4 or Fulton 2, Chap. 20 . Readers who are not familiar with this material may consider the dimension as the Krull dimension. In fact, they are the same in most cases.
We first define the Chow group of a ring and rational equivalence. Let Ž . Z A be the free Abelian group generated by prime ideals of dimension i. i The dimension of a prime ideal ᒍ is defined to be the dimension of Arᒍ as an A-module. If ᒍ is a prime ideal with dim Arᒍ s i, we denote the Ž . w x generator in Z A corresponding to ᒍ by Spec Arᒍ . The group of cycles i Ž .
Ž .
Let ᒍ be a prime ideal of dimension i q 1 and let x be an element not in ᒍ. Define
Ž . Let Rat A be the free Abelian subgroup of Z A generated by all cycles w x tor of A A corresponding to the prime ideal ᒍ. We refer to Roberts 6 i for details and basic facts.
If the ring A is an integral domain and if the zero ideal is in the support of a module M, then it is the only minimal prime ideal of M. We consider the number of times the zero ideal occurs in a filtration. It is not hard to see that this number is the rank of M, which is zero if M is a torsion module. If A is a Noetherian integrally closed domain, each finitely Ž Ž . Ž .. generated module can be uniquely assigned an element r M , yc M in This proposition is generalized by Theorem 1 in Section 2. The third section presents an application of Theorem 1 to the relation between the Chow group of a ring and the Grothendieck group of finitely generated modules over that ring, for which the Riemann᎐Roch theorem has given some results. This leads us to think about the difference between the Riemann᎐Roch map and the map defined in Section 3 and to make a further observation to a possible generalization of the map in a special example. We will discuss these in the last section. An example is also given in the third section to explain that not all cycles are rationally equivalent in general if they contain lower dimensional prime ideals.
THE MAIN THEOREM
Let A be a Noetherian ring of dimension d.
DEFINITIONS. For any finitely generated
Let S S and C C be as defined in the last section.
M F F
If a module M is isomorphic to A modulo a prime ideal ᒍ of dimension greater than or equal to d y 1, then ᒍ is the only associated prime ideal of M. For any nonzero element x in Arᒍ and E E g S S , 
THEOREM 1. Assume M is a finitely generated A-module. Then, for any F F, G G g S S , C C and C C are rationally equi¨alent, which is written as
C C ; C C . M F F G G F F G G
Ž . Ä 4 These equi¨alent cycles determine a unique class in A# A , denoted M , and Ä 4 we call M the cycle class associated to M.
It follows from the theorem that these classes are additi¨e; that is, Conversely, for a given filtration 
LEMMA. Let N be a submodule of M such that N has dimension at most
This follows from the fact that there is an onto map
which is a contradiction. Thus, x s 0 and this shows is an isomorphism. The cycle obtained from this quotient,
The prime ideals occurring in any filtration of this part map to zero in Ž . Z# A . Thus, the prime ideals of dimension at least d y 1 occurring in any filtration F F induced by F F are exactly the same as those occurring in F F; in other words, C C s C C . This proves the lemma. 
Ž . 
is an exact sequence with nonzero modules N X , N, and N Y . We then have 
Ž . Observe that AmrAy ( Arᒍ rAy, so for any E E g S S , C C is ratio-

Ä 4 Ž .
This shows C ; C and completes the proof.
F F G G
THE RELATION BETWEEN THE CHOW GROUP AND THE GROTHENDIECK GROUP
Let X be an algebraic scheme over a field and let K X be the 0 Grothendieck group of coherent sheaves on X. By the Riemann᎐Roch Ž w x . theorem Fulton 2, Chap. 18 , there exists a map
resp. A# X denotes the Grothendieck group resp. the Chow 0 ‫ޑ‬ ‫ޑ‬ . group tensoring with the rational number field and is called the rational Ž . Grothendieck group resp. the rational Chow group .
To define the map , one has to go through the definitions of Chern Ž w x w x. classes and local Chern characters see Fulton 2 and Roberts 6 , which involve a lot of machinery from intersection theory. Furthermore, it is interesting to know whether the Grothendieck group and the Chow group are isomorphic without tensoring by the rational number field.
If X s Spec A, there is an equivalence of categories between the category of coherent O O -sheaves and the category of finitely generated 
w x Ä 4 by sending M to M . This map is well defined because the cycle classes associated to modules are additive.
We have the following corollaries to Theorem 1.
Proof. Assume ᒍ , . . . , ᒍ are the minimal prime ideals of A with , it also induces a map
On the other hand, define a map
by sending Spec Arᒍ to Arᒍ . Let ᒎ g Spec A with dimension i q 1 ŽŽ . and let x be a nonzero element in A but not in ᒎ. Then dim Arᒎ r Ž .. Ž .
By checking generators, it is not hard to see that is the inverse map dy 1 of ; thus, is an isomorphism. such that F rF ( Arᒍ and G rG s A; We then have to zero, so C C X and C C X are not rationally equivalent. More generally, one .x x , x , which has dimension 3 and is not rationally equivalent to zero.
particular, these conditions hold if
dim A F 1 . Then K A ( A# A . Ž . 0 This is true because K A ( G K ArG K A [ G K A Ž . 0 d 0 dy1 0 dy1 0 Ž . Ž . Ž .i iy1 i 1 0 is4 X w x C C s Spec Arᒍ Ý F F i is1 w x s Spec A q Spec Ar x , x , x Ž . 11 12 13 q Spec Ar x , x , x , x , x , x q Spec Ar x , x , x Ž . Ž .X w x C C ; Spec A q Spec Ar x , x , x , x , x , x Ž .
23
This problem does not arise in the original theorem, since for any E E g S S , C C collects prime ideals of dimension at least 4; thus, C C is
Ž . either 0 or equal to div 0, a .
THE RELATION BETWEEN AND THE RIEMANN᎐ROCH MAP
In this section, we discuss the difference between the map constructed in the Riemann᎐Roch theorem and the map defined in Section 3. 
The difference between and q is determined by the image of where the sum is over all minimal prime ideals of dimension d in the support of M. In the following, we will explain how the idea can be extended and work on a special case for the example presented in the previous section.
Let A be as defined in Section 3, According to the filtration F F g S S in the previous section, if the map q Spec Ar x , x , x , x , x , x q Ž .
is the unique choice, but the image of other prime ideals of dimension 4 through X is unknown. However, it is worth knowing whether or not, in 3 general, a well-defined map Y : K A ª A# A Ž . ‫ޑ‬ 0 exists as an extension of . If it does exist, then the isomorphism between the rational Grothendieck group and the rational Chow group can be proved without using the Riemann᎐Roch theorem.
